Abstract. A general analytical treatment for the free energy of an urn model with quenched disorder is developed. It is revealed that the disordered urn model has similar mathematical structure to a random field Ising model. From this similarity, the free energy of the disordered urn model in the thermodynamic limit can be calculated from the canonical partition function by the replica analysis or a usage of the law of large numbers, which suggests that the replica symmetric solution for the disordered urn model is exact as in the case of the random field Ising model.
Introduction
Urn models have been studied a lot because they are analytically tractable and contain rich physical phenomena, e.g., slow relaxation or condensation phenomena [1] [2] [3] [4] [5] . There are famous two types of urn models: backgammon model [1] and zeta urn model [2, 4] . One of the reasons which the urn models show various physical phenomena is that the two types of urn models obey different statistics each other; the backgammon model belongs to the Ehrenfest class, which obeys Maxwell-Boltzmann statistics, and the zeta urn model is in the Monkey class, which corresponds to Bose-Einstein statistics [4] . This difference stems from the fact that balls in an urn are distinguishable or indistinguishable, respectively. A disordered version of the backgammon model has already been proposed by Leuzzi and Ritort [5] . Furthermore, it has been revealed that the urn models are related to zero range process and asymmetric simple exclusion process [6] which is a stochastic process for studying nonequilibrium statistical physics.
The urn models also play important roles in order to research complex networks [7] . Complex networks consist of many nodes and edges, so that they have been analyzed from the viewpoint of statistical mechanics; in order to explain fat-tailed behavior of degree distributions of complex networks, a new urn model, i.e., preferential urn model, has been proposed [8, 9] . The preferential urn model has a randomness in their local temperatures and gives a fat-tailed occupation distribution only in disordered cases.
In order to analyse such disordered cases, the replica method [10] is available, which is used to analyse spin glasses or polymers. In [9] , the replica method has been used to calculate an occupation distribution. The replica method is a powerful tool for random systems, but still have an ambiguity for the mathematical validation. Furthermore, the analysis in [9] has been based on replica symmetric solutions, so that it was not clear that the replica symmetric solution is adequate for the disordered urn model though the solutions are in good agreement with numerical experiments. In contrast, the disordered backgammon model has been analysed by Leuzzi and Ritort [5] . Leuzzi and Ritort have not used the replica method; they have discussed the disordered backgammon model with the scheme of the grand canonical ensemble. The replica method, which uses the scheme of the canonical ensemble, can be applied to arbitrary urn models, so that it is expected that the replica method is exact if the replica analysis and the method of the grand canonical ensemble give the same results.
The problem of whether or not replica solutions are exact has already arisen in the case of random field Ising model (RFIM), in which only local fields conjugate to spins are random. As for the problem in the RFIM, it has been shown that the replica solution is exactly correct [11] .
In the present paper, it is revealed that the replica analysis for disordered urn models gives exact solutions in the thermodynamic limit. We will show that the mathematical structure of the partition function in the disordered urn model has a similarity to that of the RFIM. By using the similar discussions of the RFIM, the free energy of the disordered urn model is obtained; the free energy can be calculated by the replica method or the law of large numbers.
The outline of the present paper is as follows. In section 2, urn models are explained briefly. In order to show the replica method gives an exact solution, we revisit the analytical treatment for the RFIM in section 3. Section 4 gives analytical results for disordered urn models. Finally, we draw the main conclusions in section 5.
Urn model
An Urn model consists of many urns and balls in these urns. Here, we consider a system of M balls distributed among N urns. The number of balls contained in urn i is denoted by n i , and hence
The density of the system is denoted as ρ = M/N. The dynamics of the urn model is briefly summarized as follows: choose a ball at random, and then transfer the chosen ball to an urn selected with a transition probability. Selecting the transition probability arbitrarily, one can construct various models suitable for own physical problems.
There are two types of urn models: the Ehrenfest class and the Monkey class [4] . In the Ehrenfest class, balls within an urn are distinguishable. In contrast, the Monkey class has indistinguishable balls. These two types of urn models are treated in the same analytical method, so that we discuss here a general case containing the above two cases.
By defining an energy of each urn as E(n i ), the total energy of the whole system is given by
and the partition function of the system is calculated from
where
is the Boltzmann weight attached to urn i, and β an inverse temperature. The Kronecker delta δ(
stems from the constraint of the total number of balls. Here, we introduce the following notation in order to discuss general disordered cases:
where p(h i , n i ) contains new parameters h i related to the disorder. For example, we here consider the disordered backgammon model [5] . The disordered backgammon model is in the Ehrenfest class, and the energy is given by
where h i are quenched random variables extracted from a distribution g(h). Hence, the factor p(h i , n i ) is written as
Note that the factor p(h i , n i ) should contain a factor 1/(n i )! because the Ehrenfest class is considered in the disordered backgammon model. We summarize representations of p(h i , n i ) for several urn models. For disordered cases,
and for non-disordered cases,
Note that the factor p(h, n) does not depend the disorder parameter h in the nondisordered cases. Our aim is to calculate the free energy in the thermodynamic limit by using the canonical partition function Z in equation (4) . Before we perform the analysis of disordered urn models, we revisit an analysis for the RFIM, because the mathematical structure of the partition function in the RFIM is similar with that of the disordered urn models.
Random field Ising model: revisited
We consider a RFIM which consists of N Ising spins interacting through an infinite ranged exchange interaction [11] . The Hamiltonian of the RFIM is given by
where the external magnetic fields {h i } are distributed according to a probability distribution g(h). Using the following abbreviation
the partition function of the RFIM is written as
where we used the following formula:
Performing a transformation of variable x = √ βJNm, we finally get the partition function as follows:
Using the partition function of equation (11), the free energy of the RFIM is derived as 1
where the configurational average is defined by
In order to calculate the free energy, we can use the replica method. In the replica method, the following identity plays an important role:
Using the above identity, we should take the configurational average of (Z RFIM ) n instead of ln Z RFIM ; the calculation of the configurational average of (Z RFIM ) n is easier than that of ln Z RFIM in general .
The details of the replica calculation is in [11] , and then we here remark only the final result. The free energy of the RFIM is calculated as 1
and m s is given by the following saddle-point equation:
For the RFIM, it is known that the replica solution yields an exact result in the thermodynamic limit [11] . Using the law of large numbers, we can easily construct the same free energy as the replica analysis. We apply the law of large numbers,
to equation (12). In equation (17), {x i } are random variables with mean x . Using the law of large numbers, the following equation is obtained from equation (12):
where we substitute ( N i=1 ln 2 cosh β(h i + Jm))/N to ln 2 cosh β(h + Jm) h using equation (17), and neglect the first term in equation (12). Applying the saddle-point method to equation (18), we obtain the same free energy as equation (15) and the same saddle-point equation (16).
Free energy of disordered urn model
From the canonical partition function of equation (4), we have
where we use the integral representation of the Kronecker delta
and define
Hence, the free energy of the disordered urn models is written as 1
The configurational average of the ln Z can be calculated by the replica method, as in the case of the RFIM. We take the configurational average of Z n instead of ln Z [9] :
This integrals are evaluated by the saddle-point method in the thermodynamic limit. We assume the replica symmetry, and then the saddle-point equation is obtained as
We finally get the free energy 1
Here, we note that equation (22) is the similar structure of equation (12): the configurational average of a logarithm of the integral is taken, and the term ( N i=1 ln H(h i , z))/N is contained in the integral. Therefore, the free energy of equation (25) should be obtained by the usage of the law of large numbers, just as the replica solution is exact in the RFIM. In fact, the usage of the law of large numbers and saddle point method gives the same equations (24) and (25) . In addition, the analytical result is consistent with the result of the disordered backgammon model in [5] .
Conclusions
In the present paper, we discuss a disordered version of a general urn model. Using the replica method, the free energy can be calculated, as one would expect. Furthermore, it is shown that the free energy obtained from the replica method is indeed exact; the similarity of the mathematical structure between the RFIM and disordered urn model gives a good insight to the analytical treatment.
Note that the variable of integration in the RFIM is the magnetization, m = N i=1 S i /N, and that in the disordered urn model is related to the macroscopic constraint M = N i=1 n i or ρ = N i=1 n i /N. In both cases, the macroscopic observable constructed by microscopic variables (S i or n i ) plays a key role in the analysis. The macroscopic observable M (or ρ) in the disordered urn models is a constraint, therefore the observable is known in advance. On the other hands, the magnetization m in the RFIM is unknown and constructed by microscopic variables S i with time. Although there are such differences, their mathematical structures are similar, and we can apply the same analytical methods for these cases. We hope that the analogy will lead to better understanding of the disordered urn models.
